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THE PROPAGATION OF A COMPLEX FRACTURE AREA.
THE EXACT THREE-DIMENSIONAL SOLUTION

A.S. BYKOVISEV and D.B. KRAMAROVSKII

An analytic solution is constructed for the three-dimensional problem of
the propagation of a rectangular fracture area on which a complex fracture
process is given (cleavage with shear). A kinematic approach is used to
describe the fracture process occurring at the discontinuity where the
magnitude and direction of the displacement on the discontinuity is given
on the whole fracture area as a boundary condition. Laplace and Fourier
transforms and the Cagniard-Hoop method are used to determine the originals.
The solution constructed extends the solution obtained earlier /1/ to the
three-dimensional case.

At the present time research efforts in the area of theoretical modelling of fracture
processes occurring in focal zones of tectonic earthquakes are directed towards the production
of those models (describing the ripping open processes at a focus) which would allow a
description of the singularities of high~frequency radiation in the best manner. Models
should be noted in which the ripping open of a fault occurs in jumps (the barrier method) /2-
4/, as well as the more general model based on a discrete jump-like ripping open of the fault
along complex curvilinear trajectories /1, 5-7/.

The use of the extensively used Haskell computational model /8/ in seismic practice to
analyse high-frequency radiation raises serious difficulties since the number of point sources
taking part in the integration process increases catastrophically as the size of the fracture
area grows. To eliminate these disadvantages, exact and compact analytic solutions must be
constructed for, at least, the simplest models. A detailed survey of these papers is given
in /2/, consequently, we note here only some fundamental results. Thus exact analytic
sclutions for a number of plane two-dimensional problems were constructed in /1, 6, 7, 9, 1o/
(i.e., the width of the fault was assumed to be infinitely large), and a qualitative analysis
is given of the singularities of seismic radiation generated both by single faults and complex
systems of faults propagating at variable velocity along arbitrary curvilinear trajectories.
Exact solutions have been constructed /11-14/ for circular and elliptical cracks, solutions
were obtained /4/ of problems on the jumplike propagation of circular and annular dislocation
faults. An analytic solution was cobtained /15/ for a rectangular fault with pure shear and
a constant function of the jump of the displacement on the fault.

The construct the general solution that takes account of the propagation of an arbitrary
system of complex curvilinear discontinuities, it is necessary to have the solution of the
problem of the propagating fracture area for which both a cleavage and shear component of the
jump function for the displacement on the fault are present, as the fundamental solution.
Consequently, the main purpose of this paper is the construction of an exact analytic solution
extending the fundamental solution obtained in /1/ to the three~dimensional case.

1. Formulation of the problem. At a time =0 in a homogeneous isotropic elastic
medium let a semi~infinite dislocation discontinuity (fault) with constant jump of the dis~
placement B (B;, B,, B,) originate along the positive z axis direction. One of the fault fronts
starts to move at a constant velocity v, along the positive direction of the 'z axis, and the
other is at rest and coincides with the position direction of the Oz axis. The Ozyz co-
ordinate system used to solve the problem of the fracture of a quadrant of space and the
orientation of the fault is shown in Fig.l.

The equations of motion of the medium can be represented in the form of the following
wave equations:

1 a9 1 OV, ,
A(D:—:.:-é;‘——mf, A"F;:-T“——-&-ii (f==2z,¥,12) ff.i)

(¢, and ¢, are the longitudinal and transverse wave velocities, ¢, > ¢, and A is the three-
dimensional Laplace operator). The potentials @ and ¥, are connected with the displacement
vector y by the relationships
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u=grad @ +rot ¥, div¥ =0 (1.2)
The boundary and initial conditions are

y=40 (4.3)

[ul = BH (z) H (z) H (t — z/vy)

t=20, ©=90d/t=020, (1.4)

¥ = ¥/t =0

Here H is the Heaviside unit function and the square brackets
denote the jump in the quantity enclosed in the brackets.
The displacements equal zero at infinity, i.e., the potentials
@ and ¥ and their space derivatives tend to zero as R? = g® -
y* 4 2% oo,
.z-/ %o The stress tensor components ¢;; are associated with the
0 displacement vector components by the relationships (p is the
density of the medium)

Fig.1

¢ Oy = My B (U ug) (A4 po=pet po=pc)
A generalized dislocation fault with the displacement jump [u] = B (B, By, B,) can be
represented in the form of the sum of a separation {normal) and shear fault. Then the

boundary condition (1.3} can be replaced by the following boundary conditions:
for a pure separation fault

¥y =0, uy = YV,B.H {z) H{2) H(t — 2/vy), Oxy =0, 0,5 =0 {1.5)
for a pure shear fault

y =0, u=Y,B H (x)H (2)H (t — z/vy), u, =Y, BH (x)x

(1.6)
H (2) H (¢t — 2/ve), 0,y = 0

We will construct the solution of the problem with the conditions (1.5).
the problem with the condition (l.6) was obtained in /15/.

2. Construction of the formal solution.
conditions (1.4},

The solution of

Solutions of the wave Egs. {1.1l) satisfying
{1.5) and the condition at infinity can be obtained by using a Laplace
transform in the variable t and a double Fourier transform in the variables z and z:

fui{z, g, 2, k) ~—S fz,y, 2, t)exp (— ke)dt 2.0
¢

o
N

¥ i
fF(E,:y') Svl)r:::.é-;r

[

f(z,y,z,t)exp[—i(Ex + §2)]dzdz

Later the subscript LF will be used to denote the result of both transformations in (2.1).
Applying (2.1) to the wave Egs.(l.l), and taking account of the condition at infinity,

we obtain
@ = C exp (— npy), Yirr = C; exp (— ny) 2.2)
Bpe = (B - L% + KB, %)%

Applying the transformations (2.1) to the second equation and taking account of {2.2),
we find

‘wa = § {{Cx 4 LC;) ot exp (— yn,) (23)

Applying the transformation {(2.1) to the first equation in (1.2) and taking (2.2} and
{(2.3) into account, we obtain

usrr = i§C exp (""ynp) - §;na—lcx exp (—yna) -+ (ns -
&n,7Y) C, exp (~—yn,)

Uyrr = &C exp (~yn,) + (E¥n,' — n,) Cx exp (—yn,) +
Ein,IC, exp (—yn,)

uyrr = —nC exp (—yny) — i{C; exp (—ym) + iEC, exp (—yn,)

Then the boundary conditions (1.5) can be represented in the form

—2ikn,C + 2800, — QB + £ €, = 0 2.4,
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_‘Zi;npc + (2C2 "‘l" kxa) C: - 2§§Cz =0
—n,C — 180y + i8C; = By l4nikl (i€ + kvy )™ (k, = ke, ™)
In the subsequent calculations it is sufficiently to limit oneself to a consideration
of real values of k, as was shown in /16/ that according to the Lerch lemma even in this case

the solution is determined uniquely.
Let us make the change of variables

E == ——ikcp‘lPx, { = —ike, P,
and we solve system (2.4) by the Cramer method. We obtain

C——DI[B —2P* m3', Co— —2DP, C,——2DP,, 2.5)

Pt—P2+ P?

D =B, [4nk3¢;°P, (P + 7)Bo]™, v=c5' Bo==cpeit

UirF = UiLr + uirr = DFP exp (— ykc;lmp) + (2.6)
DF #* exp (— ykeg'ms)

Fi# = —P; (Be* — 2P m,*, Ff = 2Pjm,, j =1z,2 2.7)

B =Bot —2P Ff=2P% m,—(1—PY%, m, = (B! — PYs

The branch that has a positive real part is taken for the square roots My,

3. Finding the originals. Aapplying the inverse Fourier transformation to the
solutions (2.6), we obtain

W@y k)= 3.1
B 120 100 Fp’ 3 (P P )
_ ¥ 7 i x £y = _
Bk Aw apPy —Sm apP, AT exp {kcy [pr — ymy, o)}

pr = Pux ++ Pz = c % (8 + 02), r® = 2% + 3?

We use the Cagniard-Hoop method /16, 17/ to integrate (3.1) and obtain the solution in
the time domain.

We apply the following modified de Hoop transformation

Img

P, =gcosg —iwsing, P, = gsing + iwcos ¢ 3.2

my= (wpz —_ gz){:g, my = (u.sz — gg)x;!, wpz — 2 + L (3'3)
u~s2 = 2("2 + ﬂoz

We note that to use this method successfully the
parameter k must only be in the exponent of the component.
The parameter k is present in (3.1) in the denominator
of the factor in front of the integral. -To isolate it, it
is sufficient to consider later the velocities

uli’ rather than the displacements uif*. In conformity
with the properties of the Laplace transform

u (R, k) = kuy (R, k) —u (R, 0)

where u; (R, 0} = 0 agrees with the initial conditions.
We then obtain from (3.1}

GSO Jdw (3.4)

—oo

2
uif (R )= — e

T g o
7= § Sy oxp ke (gr — ymp, )] dg

e, Y
Here R is a radius-vector with the direction cosines
v, =sinBcosq, v,==rcosf, v,=singcosB, v> 4 v+ v2i=1

(the angles ¢, 08 are shown in Fig.l).
We note that the singularities in the integrands in (3.4) are the bifurcation point &,
and simple poles g, and g, (Fig.2) determined from the conditions
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Gy = =0 + B By =1, By = Bo (3.5)
&= —iwetg g, g, = —ylcos ¢ + iwtg @, (3.6

To evaluate the inner integral in (3.4), we go from integration over the imaginary axis
to integration over the closed contour and we use the residue theorem. Then

FP % (g, w) -1 0
J = e 3 Y explkey (gr— ymp,s)] dg + 3.7
S PP, T p[kcy (g ymp, s)] dg (3.7)
Tp s
omi FP 5 gy, w) ket (aar )] +
el mexp{ cp (815 — ymyp,s)]
F{’*s(gz,w)

Foos ¢ exp [kcy' (gr — ymy, 8)]}

where I',, are the contours shown in Fig.2.
Substituting (3.7) into (3.4), we obtain

. iB s B s ;
wi *(R, k):-s—n—,ﬁ”TJF’ +—4;§u‘;r["x' +J37) (3.8)

where JpPs, J»8, J,Ps  are integrals taken from the first, second, and third terms on the right-
hand side of (3.7), respectively.

To evaluate the integrals Ji»* we deform the contour of integration in the w plane
into a Cagniard contour, which is defined parametrically by the equation (t is a real parameter)

b= —"39_1 (glr — ymy, s) (3'9)
Substituting the first relationship of (3.6} and (3.3) into (3.9), we obtain

tcpwiw%r:(w;,s..geya v Bp=1, B,=po _ (3.10)
Taking into account that
rsing = Rv,, y = Rv,, v, = sin wVW
and solving (3.10) for w,we obtain

. . T
Vv, sin @ -+ vusm(p]/-r @, ﬁp.s

W= —iT a1 & o (3.11)
/ le,
(\T-’—"—“*—}};—, Oﬁz2:1~—\722>
We convert (3.11) by going over to the p,, % coordinate system (Fig.l). Since p?=
R*a.?, Rv, = p; cos P, Rv, = pysiny, (3.11) can be converted to the form
w = —ity sin g cosY 4= T» *sin¢P sin @ (3.12)

T = te/p, TP ® = (0f — B ) 1 2> Bos

To be specific, we select the plus sign before the second component in (3.12), i.e,, we
consider the upper sheet of the Riemann surface.
Having determined dw from (3.12), we obtain that

[

)

ps__ S K FP° (g1, w) [1asinp — iTP" * cos ]
: § oy 7o oxp (— kt)dt (3.13)

Taking account of the first relations in (3.6) and (3.12), we obtain from (3.2) and (3.3)
Py = —tycosyp —iTPesing, P, =0 (3.14)
My, s = T18inY — iT1P %cos ¢

Then substituting (3.14) into (2.7), it can be seen that the integrands in (3.13) have

an even real part and an odd imaginary part. Therefore, (3.13) can be represented in the
form

— 3.1
P rprre oXP( k’)dt] ¢-19

This equation is a direct Laplace transform of the integrand in the exponential. According
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to rules of the operational calculus, we £find from (3.15)

gpo e [M’m_

) (P_+y) TP © ]H (@) H (1 —Byp,s) (3.16)
x 3

The functions H (z) and H {v; — B, ,) characterise the domain of existence of the integral
Jy»s.  The functions H (1; — f,. ) govern the moments of P-wave and S-wave arrival at the point
of observation while the functions H (2} indicate that the integrals J,»* differ from zero
only for z>0 since the pole g, will be within the closed contour only for sin¢ >0 (or
2>0), For z<C0 the pole g will lie outside the contour and it should be bypassed to the
left.

To evaluate the integrals J,»* we define the Cagniard contour in the form

b= — cpl (g — ymp, 8 (317)

Substituting the second relationship of (3.6) into (3.17), and performing an analogous
series of calculations, we obtain

. sin? cos b, 8 s
w=—isinQcose [—lc—b-s—;} — ng—(rz—ycosntgcv)] = TP *sinncosy (3.18)
where
{2\ i ___zsing P __ o3 2
Tz_(é Do) ;' PP sy T wsgoosy T3 =(wd + v —f,

(p3» M are cylindrical coordinates around the z axis (Fig.l)).

To determine the domain of existence of the integrals J,»¢ it is necessary to examine
the conditions under which the pole g, will be within the closed contour. Substituting (3.3)
into (3.17) and solving the quadratic equation obtained for g we cbtain

g==c B3 [—trtiy Vi Rechul, o

This equation determines the branch of the hyperbola in the complex ¢ plane; the asymptotes
of the hyperbola determine the angle « == J-arctg y/r. The real part of this expression is always
negative. Then the pole g, == ~~v/cos ¢ -+ iw tg ¢ will be within the closed contour under the
following conditions:

Regs <0, or z>0
Reg, >Reg, or &> Rivgve =1,
Img, >Img, or wige > yoR?YE — RC; w,d

It follows from the last two relationships that

(Roy — %32 )4
R [ e L

Therefore, we have obtained that depending on the value of the rate of ripping open the
fault, the following domains of definition of the solution are possible: for z >0 and
¥Ppst << zR™ the pole g, will be within the contour for we 0, l; for >0 and B, >
zR™ the pole g, will be within the contour for w & lw,, [; for z< 0 the pole will be
outside the contour.

For the fault ripped open at the rate vy >¢, the integrals J,»4 will exist within the
domain (Fig.3a} whose boundaries are determined from the relationships

E=1t* = vV y?— ip, + 2} and t=t, for P-waves
t=t* =0 (VPo?y*— 1p:+ &) and t—1 for §-waves

For ¢, >>vUs >c¢, the solution will exist within the domain (Fig.3b) whose boundaries are
determined from the relationships

t =t, for P-waves; t = t* and t =1, for §-waves
For ¢, > ¢, > v, the integrals J,»* will differ from zero within the domain t=1¢, (Fig.
3e).

We will henceforth limit ourselves to considering the case when ¢, > ¢, > Vg
The following the same procedures as when finding J,P% we obtain

2 .
I = —2 Re[F} 'my, J P15 1 H (1. — 7o) (3.19)

To determine the functions FP* in (3.19) we have the following expressions obtained
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by taking account of (3.18), (3.2),

Fig.3

Py = —vy, P, = —1,c08y 4 iT,Pssinn
My = To Sin N 4 iT,75 cos 1
The function H (1, — Ty), To = YPy/ | # |» which determines the condition for finding the pole

g: within the Cagniard contour is present in (3.19).
The Cagniard contour for evaluating JpP® is given by the equation

= —c, {gr —ymy), 1= —gsinb + m, cos b (3.20)
Substituting (3.3) into (3.20) and solving for g, we obtain
g (1, w) = (w,,* — %)% cos B — v sin 3.21)

Baving determined g from (3.3) and substituting the result into (3.20}, and then solving
the equation for m,,, we have

Mp,s = (wp, 2 — T%)rsin 0 4 7 cos 6 (3.22)
The configuration of the Cagniard contour is a function of the real parameter T = tch‘l
and the real variable w. For 1< (w? '*“51:,52)'/’ the contour agrees with the axis Reg, and
this section makes no contribution to the integral (it is not considered in Fig.2). For

T > (w? 4 Bp.7): the square root becomes imaginary and the Cagniard contour splits into two parts
I'* and I'" (Pig.2) depending on the sign of the square root

Jpps = Ip¢o b It o+ Iy - [ (3.23)

°§ “f F};J. s d * _
Iyt = 3 dw § , dt ]:P_zm d—i} exp {— kReiit)

— 1,
T ey 0

The integrals It~, It™ are evaluated along the contour TI'EY  and tend to zero as gt

oe according to the Jordan lemma. The plus and minus superscripts correspond to the integrals
taken along I'* or TI-.
We find
dgldt = — mp,(wp, s — VF ", |w|< (2 — B, oYt =T,
from (3.21) and (3.22) and because (w? - B2, ) <CT in (3.23}).
Since w is a real parameter, then 1> B, . Going over from t to t{tR = i), we obtain
Tp.s o
Irtes — S dw S [M? P12 exp (— kt)dt
~Tp, s Rc}lﬁp, N
Mip" = Fip"mp.sfpz (Px -+ Y) (w2 - Tp,sz)![’

or
Tp, k3 oo
Iet=—c,R \ dw§ [M0 1= H (v —By,.) exp (— kt) dt (3.24)
~Tp, s []

Taking into account that the inner integral in (3.24) is a direct Laplace transform of
the integrand in the exponential, it can be written in the domain of originals

Tp,s
j A— -CRE S dw[MP = H (v —By,0) (3.25)
~Tp.s

Then if the w plane is slit as shown in Fig.4, then by taking the positive value of
the root (w®— T, )+ and taking account of (3.23) and ({3.25) we can write on the upper edges
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of the slits

g 4 It Py 8 ——
1w J?‘s--ﬁ{ﬁ% H(v— By, dw (3.26)

Tp,s

//7”; where T, , is the closed contour around the slits. Using the

e theorem of residues to evaluate (3.26), we have
fos % Rew JP® = 2nic, R {Res; + Res, -+ Rese)
“Tos ijrv:n Tos where Res;, Res,, Res, are the residues at the poles P, =0, P, =
/ —y and infinity, respectively,
//w‘ s To evaluate Res; we obtain from the second relationship in
Z w!\ \& (3.2) and (3.21)

P, = (w? — 1 + B, .0 cos Bsin ¢ — rsin Bsint + iwy cos ¢ = 0 (3.27)
Fig.4 Taking into account that vy = sin 6 cos ¢, v, == cos 8, v, == sin 6

sin ¢, we have from (3.27)
Wip,s = {—iT co8 ¢ 4= v, sin ¢ [+? — azzﬁp, RIVE S M {3.28)
" For a single-valued selection of the sign in (3.28) we consider the root to take a
positive value on the upper sheet of the Riemann surface. We then obtain
Resyp, o= F1" 'y, s [(Px + V) T1 " H (11— Bp, 037)

for the residue at the pole P, = 0, where T, = ta,”! = fe,p,"Y;p,, ¢ are the cylindrical coordinates
shown in Fig.l while the functions F/* are determined by using relations (3.14). Note that
the poles w/™* 1lie in the fourth guadrant, and their trajectory is shown in Fig.4.
To evaluate the residue Res, at the pole P, = 9, we find from (3.2) and (3.21):
WP "= {— (Y — ) v, cos @ [(y — TR + T, o] 0
OyP =] — w2

For a single-valued determination of the function we select w' for T, >7%, and w~ for
Ty < Tp. We then obtain for the residue at the pole Py = —y
Resi, o= FP‘mp, o [P.T% "] [= H (va — (Bp, s — yvs) &)
Tp = (T — yV,) @1 = (t — z/v,) "ppaﬂl ‘

The functions F#* are determined by using (2.7) and the following relations:
PE = —y Pt= —v,c08n+ilTP"siny
mi, = 1, sinq + i7P4 cos g

It can be shown that the sum of the residue Resy% and J»* determined from (3.22);
apart from the sign, equals the residue Res™,,.

To evaluate the residue at infinity, we expand the integrand in (3.26) in a Laurent
series. Carrying out this procedure for each of the functions F/* we obtain

I5d = 24, (wv, 4y — 94, + 2av,) HP® (3.29)
150 = {24, [, 4; — (v + wa) 4, + w1 F
2457 v,y — (y — Vo) 4g + o0} HP?
I8 = 24, [—(y — wy) 4, + 2wv,] HP*
Hypoo= H (T — P}y Ay = (vyV; — IVx) 0,73, Ay = (vav, +
ivy) o2, Ay = (Vv + ivy) a7
Therefore, by substiuting (3.29), (3.19) and {(3.15) into (3.8), omitting the tedious

calculations and taking into account that the sum of the imaginary parts will be zero, we
obtain

B P g,
UP*— ot [ C D s (2B @)H (s — Bo.) — B + (3.30)

4npot P+
FP* (g, w)m,, ,
0P, TE®

HE 1?;“3‘1J

where 1{’;,’ are determined from relationships (3.29).

Relationships (3.30) are an exact analytic solution of the problem of the fracture of a
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half-space guadrant with a permanently assigned pure separation component of the displacement
vector on the fault, The solution of problem (1.6} can be constructed analogously. Then by
integrating relationship (3.30) with respect to time, the general solution of problem (1.3)
can be represented in the form U7, = /) 4+ U (i == z, y, 2), where

U A B (23 arey” — Fyl - By (1 B I - (331
e Bayypt Lav® b D HAE + A (Bl - 2y2arey” 4 Th] -
By (T2 41, [332\’?;}1 LnoP} - B,I's"y HYP
yxs = A {Bx (___ 632 ar(:f ER Fs] L By {__, ‘382 hhs —
?Vx Lﬂls s fs_l} Hls “%‘ A (Bx [ﬁziz arc:s - Fl} %“
By[—T°—yy, Lo} — BT H°
Uy == 4 (B [(v* + v, Im” -+ vy, Lt + [l +
By —Pstares” + F ) HiP + A{B [T + yypLn®] +
By [Bstarc,” -+ TaP] + B, (v,2 Ins® -+ [P} HYP
Ulysz: A {Bx {—-— 2?2 hlls — l/z ﬁ;ﬁyygl Ll}lg — f.s} -+
By[2y* aves® — FJ} HY -+ A{Bx [— Io — 1 Beyvs’ Lol +
B, 2ytare” — I} -+ B, [—v?In’ — D5° [} '
UP= A{B.I" + B, [(v? + Dl + I} — B, [T — Dy #YP
U= ABPotarc’Hy® + A {— B.I's* + B, [~ y321ne’ — '] +
Bz [I‘QS — I+ BO‘Z &I’Cz‘]} H2s
Here
—Ty = v, [1v, 3 — v.% + 2ya,?| ta (3.32)
— D5 ° == vy, [1e? v, 2— vy v —v, ) — 2yv (1 + v ) ol o Yo" —
29v,0, TH*
—Tg0s == 1 (29v,9, ~ TV,0,%) 0t A 29,0, TP
v, Ry (L4 v — v 33— 3] — .
e @y (vx“v;+v,,z)x 22+ 2vpv Ty

TP e [T 2V, Y= v, — V) 2y (v, — vy A st

(v} — vr:‘z) a;zrng' s
Fp s = {1y sin 2y + 2y sin ) T3, fy,o = {1y cos 2 -+
2y cosy) Tyvs

P ésing

31'(3;.)‘ § arctg m ) arﬁg’ = arctg (T;ng, # tg 1])
LnP® = 1 Vs~ YIP P sin? 4 (B, — (my — v, 7T %) cos Y
6127, s [y —Tacos §)F (7] *sin ¢)%]
v = TP S cogm)? - T sin? Ty 4 TP
Lo} ®=In p s = T kA L , InPSe=In -2

1?4 y;‘ s8in?y Bp. s
Ing s = In (1, — T»%), H,»s=2H (Rv) H (1, — B, —
Hzp,s
Yoo= V¥ — Bo o Bu2=2y2 —Be?, A= (4nPe?)™

4. Analysis of the results and construction of the complete solution. For
the first onsets of the P~ and S-waves at the point of observation, we obtain the following
near~front asymptotic forms from the exact solutions (3.31) and (3.32):

UP — 4 [Bysin 29 -+ B, (Bo* — 2 cos® ¥)] %
H@ H(ti— 1) + A[2Byv,ov, + By (29,2 + Be® — 2) +
2B,v,v; ~ = H (v — 1)

TV

(4.1

. BV i — Po
Ut== A [2B,.co0s 2¢ + B, sin 29 + 28, sin ] —>ee———
[ W Bysinde T o —cos
H(z) H (11 — Bo) + A[B (v — 4v2v2 + v B 4 2Byv, X
)/tl —v? o+ B, (v — 4y, + v ] X

Bo* (v — Bo)
mﬂ("f—ﬁo)



g7

The factors in front of the unit functions H,"® in the exact solution (3.31) and the
first components in the asymptotic solutions (4.1) agree with the exact solutions of the plane
problem /1/ and the asymptotic solutions /7/, respectively. This part of the general solution
is cylindrical waves that act in the domain 2z >0 and fall off inversely as the square roots
of the distance. The remaining part of the solution is spherical waves produced by the
angular points. The spherical waves exist in all space, but they damp out considerably more
rapidly with distance than the cylindrical waves, namely, in inverse proportion to the distance.
Therefore, the greatest part of the information about the source will be contained, for large
R, in the cylindrical waves while the solutions of plane problems /1, 6, 7/ can be used
effectively to analyse them.

Radiation directivity patterns of cylindrical P-waves (upper series) and S-waves (lower
series) are presented in Fig.5 for a rate vy = 0,6C, of ripping open the fault and different
values of the angle that governs the magnitucde of the separation and shear components of the
displacement vector at the fault 1, = arctg (B,/B,), ¥, = 0, 20, 40, 90° (patterns a-d). For a pure
shear fault ¢,=0 (Fig.5a), the presence of two mutually perpendicular nodal planes is
characteristic (for both the P~ and the S-waves) in which there are no slips and where the
sign of the displacement vector changes as it goes through them.
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Fig.5

For a pure cleavage fault ¢, ==90° (Fig.5d), the seismic P-wave radiation is positive
in all directions, i.e., compressive. As is shown in Figs.5b and ¢, for a complex fault the
radiation pattern will depend on the ratio between the normal and tangential components of
the displacement vector at the fault. As the separation component of the displacement vector
grows at the fault, the angle between the two nodal planes will decrease in the P-waves, will
equal zero for 1, = 30° and for ¥, > 30° the first onset of P-waves in all directions will
have identical sign, i.e., the guadrant-by-quadrant distribution of signs of the first onset
of longitudinal waves will be absent. Rotation of the nodal planes by 45° will occur for the
S-waves as the angle v increases from O to 90°. For a pure cleavage fault, the radiation
pattern of seismic radiation will be symmetrical for S-waves and asymmetrical in the presence
of a shear component. These radiation pattern singularities of seismic radiation can underlie
the processing of seismological observations for the isclation of complex foci of tectonic
earthgquakes.

Therefore, the correct determination of the magnitudes of the cleavage and shear components
of the displacement vector for a complex fault enables the accuracy of determining the
mechanisms and other dynamical parameters of foci of large-scale tectonic earthquakes to be
improved.

It ghould be noted that solutions (3.31) and (3.32) were obtained under the condition
that the vector B = comst. On the basis of the linearity of the fundamental equations, the
solution for an arbitrary dependence of the vector B on the time B=B(f can be obtained
by using the Duhamel integral

t
Sa(r — 1) UPS (2, y, 2, 7) dr “%.2)
0

where ym¢ is the solution defined by relations (3.43) and (3.44).

Solutions {(3.31) and (3.32) are exact analytic solutions of the problem of complex
fracture (shear with separation) of a guadrant of space under the condition that the fracture
front propagates at a constant velocity. On the basis of these solutions and because of the



linearity of the fundamental equations, the solution for a rectangular fracture area, ocne of
whose edges propagates at a constant velocity w», is constructed as follows.

Let UMY (z, y, 3, vy, !) be the complete displacement vector that is constructed on the basis
of solutions (3.31) and (3.32). Then the solution for a rectangular fracture area whose
width is W, and whose length is L = pt, will have the form

Uf’ R R I Yal¥ g, vot) — U (2, 2 = oW, v, 1) (4.9)

The solution of the problem taking account of the arrest of the moving edge of the fault
at the time t=¢ is constructed in the same way at the solution of the plane problems in
/1, €, 7/ and has the form

Ug's :Uf’s (x5, 2, Woy vy 1) — Uf's (& —vgto, ¥, 2y Wy 05, £ — o} {4.4)

Using the superposition principle and the fundamental solution (4.4), we can construct
a general solution of the problem of an arbitrary system of complex curvilinear faults
propagating at variable velocities and transfer to a detailed quantitative analysis of high-
frequency seismic radiation.
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